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N U M E R I C A L INVERSION O F F I N I T E T O E P L I T Z M A T R I C E S 
AND V E C T O R T O E P L I T Z MATRICES 

by 

E r w i n H. B a r e i s s 

I. INTRODUCTION 

Many p r o b l e m s of m a t h e m a t i c a l p h y s i c s , s t a t i s t i c s , ^"d ^ I g ^ ' ' " 
lead to the p r o b l e m of finding the i n v e r s e of f inite ToepUtz o r Hankel 
m a t r c e s Wel l known a r e p r o b l e m s involving convo lu t ions , i n t e g r a l equa -
Uo s : th d i f f e rence ke rne l ' s , and l e a s t - s q u a r e - P P - - - - ' ° - " ^ ^ j ; , ^a ' 
m i a l s . Al though t h e r e e x i s t s an abundant l i t e r a t u r e on the - - » ' ^ ; - ; ^ ' " \ 
p r o p e r t i e s o f T o e p l i t z m a t r i c e s t h e ^ s e e m t ^ b nV-e^^^^^^^^^^ 

r s T v r v ' : ; g ^ r p u V z " o V H : n " : r m a t r i c e s a r e often judged u n d e r the 
as umpt on that the i n v e r s i o n of a ToepUtz m a t r i x of o r d e r ^/2Tnir 
of t h ^ o r d e r of n ' m u l t i p l i c a t i o n s . The p u r p o s e of th i s p a p e r i s o m t r o -

in the a u t h o r ' s w o r k . 

II. INVERSION OF F I N I T E T O E P L I T Z MATRICES 
« 

We p r e s e n t an a l g o r i t h m to so lve 

Ax = c, 

w h e r e A is a ToepUtz m a t r i x and c a c o l u m n v e c t o r denoted by 

(2.1) 

ao ai »2 

a . , ao a, 

a .2 a . I ao 

n 

^ n - i 

^n-z 

[ a . „ a _ ( „ . , ) a . ( „ . 2 ) .•• ^o 

T h e b a s i c idea is to t r a n s f o r m (2.1) s u c c e s s i v e l y into 

L-. 
(2.2) 





A ( - ' ) X = c ( - ) ; A( ' )X = cC); A(-^)X = c(-^); A(^)X = cW; 

. . . : A ( - " ) X = c(-"); A W X = cW. (^-'^ 

The mat r i ces The mat r i ces A^^) have zero elements along the i ^^^^^^^e'l TuZ-^^^ 
main diagonal: the mat r ices A ( 0 have zero elements along the i super 
Tagon^ls above the main diagonal. Thus, A I - ) is an upper tr iangular 
inatrix and AM a lower triangular matr ix . The ' " - ^ - - ^ ^ 0 = . A(i) 
A ( - 0 affects only the rows i. l U , ... " v l * : : i : " A ( i ) T : d A ( i f assume the 
affects only the rows 0, 1 n-i . Explicitly, A^ and A 

forms 

. ( - i ) = 

. ( i ) -. 

(2.4) 

(2.5) 





We no te tha t the l o w e r n - i+1 r o w s of A^'^) and the u p p e r n - i . l r o w s of̂ ^ ^ 
A(i) a g a i n f o r m ( r e c t a n g u l a r ) T o e p U t z m a t r i c e s . F u r t h e r m o r e , ao = a -

_ ^(i) 3 = a ( " ) . T h e b a s i c a l g o r i t h m for the t r a n s f o r m a t i o n s 1<:.3J 
• • • " 0 • " 0 

i s g iven by 

a(°^ = a. (j = -n , - n + 1 , . . . , 0 n); 

c W = c^ ( j = 0 n), ('-'^^ 

and for i = 1 .2 n: 

( - i + i ) 

(-i) J - i + l) 111 a*'-'> (j = -n , . . . , - i - l ; 0 n - i ) : 
^j = ^j ' ao J+i 

;0 _ ( i - O . l L ^ a ^ - ) (j = -n+i - l : i + l " ) : ^^-^^^ 
a j = ^1 - a ( - ' ) J 

(- i+.) 

(-i) _ (- i+.) . i i i c ( ' - '> (j = i. i+1 " ) ; 
^j ' i ^0 J - ' 

(i) ( i - i ) ^ ' ' ' , ( - ' ) (j = 0, 1 n - i ) . (2-6^) 
Cj = <=j - ^ ( - i ) J + i 

u r a (i - 0, 1. , n ) , the f o r m u l a s l^.bc) a r e not n e e d e d . I n s t e a d , 
i " n+i-j ^•' , , ( + i) 

+n i s r e p l a c e d by n+1 in the f o r m u l a s for aj . 

T h e p r i n c i p a l m e a s u r e of the eff ic iency of a l g o r i t h m (2.6) i s the 
n u m b e r of m 'u l t ipUca t ions needed to t r a n s f o r m A into t e t r i a n g u l a r o m s 
A±" If we had u s e d o r d i n a r y G a u s s i a n e l i m i n a t i o n , n + (n - 1) + . . . + i 

A ( i - ' l we c o n c l u d e f r o m (2.4) tha t only t he e l e m e n t s a . „ a_^.^^). 

a ' - i ) a ( - i ) have to be c o m p u t e d . T h i s m e a n s ( n - i ) + ( n - i + l ) = 

" " - ' „ , , , : „ Ai) f r o m A^^-') and A^" ' ' we con -
Zin-.) + 1 m u l t i p l i c a t i o n s . To ob ta in A / - - ( . ) ^^^^ ^^ ^^ c o m p u t e d , 
e lude f r o m (2.5) tha t only a^j(^i. . .-• a_, . a.^^. .. ^ 
u 1 t , ( i ) - a be ing known. T h i s m e a n s 2 ( n - i ) m u l t i p U c a t i o n s ^ 

T r r e ^ r r t : ^ o t a ^ n u m L ? r of m u l t i p l i c a t i o n s ^ A^^^ and A W i s 

f; [ 2 ( n - i ) + 1 + 2 { n - i ) ] = 2n ' - n. 
1 = 1 





T„ romnute c^*'^ , c '*" ' . we need an additional n̂  -r n multipUcations in To compute Cj , .... >-[ ^ With 
the general case, 2n muUipUcations in the special case Cj = ^n^ i - j " 
Gaussian elimination ^ (n^ .n ) multipUcations would be needed. 

The solution of 

A ( - " ) X = c(-"> or A(")> 
-(n) 

requires , as in Gaussian elimination, 4 (n^ .n ) multipUcations. However 

if we take rows 0.1 [ ^ ] of A ^ and rows [l^] n of A ( " - ) 

to solve for x, we need only 

, , , , . . . . [ i4^] .1 .2 . . . . . [ | ]^ 
l ( n 2 . 1) (n odd) 
4 

I n ' (n even) 

. F j U J . ] riLLi-l multiplications, i.e., more than 
multiplications, a saving of [ ^ J L ^ J " " H 
one-haU The number of quotients to be computed in (2^6) is only of order n. 
Note that ( l / a o ) a i - - ) (i = l n), can be obtained with one division and 

[ muUiplications. Thus, x in (2.1) can be obtained with no more than 

(Zn'-n) + (n^ + n) + i n' = 3^ n̂  
(2.7) 

. , . , = i,,o Fns (2 6) Gaussian elimination would require 

therefore always recommended when n > 4. 

In the basic algorithm (2.6) aU pivotal elements ao and <' JIL 
impUcitly assumed to'be different from zero. We assume now that of the 
2n + 1 elements in {Z.Z), 

(2.8) 

^-u+i 
a^ I = 0 (;i, V > 0; fj + v s n). 

If , + V - n + 1, the matr ix A is trivially reduced to a direct sum of two 
triangular mat r ices and needs no further transformation. 

„l = ri7e (2 2) if (2.8) holds is to let a.^ and 

replaced by 





f o r i = I . ....t-L-^v-l; 

. ( - ) 

. ( - i + i ) 
(-i+0 

J+i 
f o r i = y-tV, I n : 

a n d 

-n , . 

-n , . 

., v - i - 1 ; 

. , v - i - l 

V. . ., n-i if i s n 

if i > n 

- v: 

- V; 

(2.9) 

( i - i ) 

r , ( i - . ) . ^ a ( - ) 

-(i) a . 
J 

f o r i = 1, . . . . n - v ; 

^ ( n - v ) f o r i = n - v + l . . . . . n : 
j 

(j = - n + i m i n ( i - M . v - 1 ) ; v + i + 1 n . b u t j £ n ) . 

o r a = 1 a n d V = 0 , t h e s e f o r m u l a s b e c o m e ( 2 . 6 b ) . A f t e r n i t e r a t i o n s . 

t h e n ^ a t r i x ( 2 . 2 ) , u n d e r t h e c o n d i t i o n s ( 2 . 8 ) , t a k e s t h e f o r m s 

A-n) 

*2V+;i-l n 
1 

l(o) -̂  (o) 
*-( i-v + i "̂ -M 

I I 
I I 
' ( i ' - n j _ ' ( v - n ) Q 
^ v - n 2v-n^i 

7v -n+ i ,iv-n 

: ( - ) - - > 1 ) 

( 2 . 1 0 ) 





(n-v) An-v) 

.(n) 

{n^-v)_.. ^(n-v) ^ - i - l -a<f. / 'a^^ 

(v+M-i) '(v+M-i) '{v+M-'l ^(v+^-i 
v + u -n" r 2V+M-n-2 |2V+)j-n-i , v-1 

L a(°>-- (°) 

(2.11) 

. ( n ) u ,(») - - a^"' '^ ' = a,,. To c o m p l e t e the t r i a n g u -
w h e r e in A^ ' we have a : . ' = . . . - a^ - '^y. ' r 
r a r l z l t l o n we have to t r ia^ngular ize the s q u a r e m a t r i x of o r d e r v f o r m e d 

by the l a s t v r ows and f i r s t V c o l u m n s of A^ ' . 

III. INVERSION O F SYMMETRIC T O E P L I T Z M A T R I C E S 

L e t the a l g o r i t h m (2.6) be r e p l a c e d by 

a W = a., (-n s j ^ n): c(° ' = c^. (0 ^ j - n) . 
(3.1a) 

and for i = 1, 2, . . . . n : 

J-i) ._ a(--'' 
0 

( i - i ) 
H ( - i - i (i) ( i - i ) ^ 1 _ ^ „. 

^j = ^j a ^ - i - ' ' ^" ' 

( i - i ) (j = -n , . . . . - i - 1 : 0 n - i ) ; (3.1b) 

(j = - n - i , . . . . 0; i - 1 . . . . , n ) : 

, ( - i ) . , ( - ! -> ) . -
, ( - i - l ) 

. ( i - i ) 
, ( i - i ) J-^ 

(j = i, i - l n); (3.1c) 





( i - l ) 

^(i) = c ( i - ' ) - ^ ; . , c ' - ^ " ' ^ (j = 0, 1 n - i ) . 
- j J a ' - i " ' ^ ^" ' 

0 

T h i s a l g o r i t h m is s y m m e t r i c , and a j ' ^ d o e s not depend on a . " ' . It i s l e s s 

e f f ic ien t than (2.6) s i n c e a^^' (i = 1 n ) m u s t be c o m p u t e d . H o w e v e r , if 

A in (2.2) i s s y m m e t r i c , i . e . , 

a. = a_. (j = 1.2 n) . 
(3 .2 ) 

it fol lows by induc t ion tha t 

,(>) = a ( - ) . l^-^' 
" j - - J 

A s s u m e a j ' " ' ' = a(-. ' + ') to be t r u e ; then by (3.1b) 

(- i ) (- i+i) l k _ a ( - ' ) - a ( i - ' ' . 4 — ; a ( - ^ ^ ' ) = a '^ 

S ince by (3 2) the a s s u m p t i o n is t r u e for i = 0, (3.3) is p r o v e d . The effect 
fs t ha t L e e l e m e n t in t h e ' j t h ^ow and k 'h c o l u m n of A ( 0 in (2.^5) i s equa l to 
the e l e m e n t of the ( n + l - j ) t h ^ow and ( n + l - h ) t h co u m n o A ( ' ' - U - 4 ^ 
The a l g o r i t h m (3.1) r e d u c e s t h e r e f o r e for syrmetnc ToepUtz matrices to 

a f ) = a | 3 | ( - n . j . n ) ; c j ° ) = c^, ( O . j s n ) : (3.4a) 

f̂' = t " - ^ * ' (j = -n+i 0; 1+1 n) (3.4b) 

a ( - ' = a(0; 
J -J 

( i - l ) 
(i) ( i - l ) tl c^-'""' (j = 0, 1 n- i ) 

<̂ j = ' j " a ( i - ' ) ' j + ̂  '•' 
0 

( i - l ) , , 
(- i) ( - i+i) l i c ^ ' " ' ' (j = i . i + 1 . . . - . n ) 

^j = ^j ' a ( - ' ) J - ^ 

( 3 .4c ) 

T h i s a l g o r i t h m t a k e s n(n - I) l e s s m u U i p U c a t i o n s than (2 6) and n^ l e s s 
r n u l t i p l f c a t i o n s t h a n (3.1) , for the c o m p u t a t i o n of the aj-W (i - 1 n) . 





10 

Since symmetric ToepUtz mat r ices are centrosymmetr ic mat r ices , 
the computational work can also be reduced as follows. 

Let a. = a . in (2.2), subtract row n-j from row j ^j = 0, 1 [-Jj 

in (2.1), and simplify to obtain for the relation 

^l - ^ n - l ^i ' ^n-i 
^ [ T ] " ^ " - [ T ] 

" I - " n -

^0 • <'n 

MT] I H • -̂4 Ĵ [:[T]"^-4T] 

(3.5a) 

Similarly, add row n-j to row j ( j = 0, 1 [^]) to obtain the relation 

ao + a^ a, + a^.i a-z + a^.^ 

ai + an . i aj + a^ . j a, + a^. j 

az + an.2 a, + a^. j ao r an-4 

M - ^n-1 

c„ - c n 

Ci - C n - i 

C j r C n - 2 

(3.5b) 

Therefore, the symmetr ic problem (2.1) has been reduced to two sytrimetric 
problems of order (n + 1 )/2 if n is odd, and oi orders n/2 and (n/2) + 1 if 
n is even. 

If n is odd, the soluUon of both (3.5a) and (3.5b) for Xo, .... x^ 

requires 

(n^- l)(n+ 15) 
24 

multipUcations plus (n+ l) multipUcations by 2 (shift operaUons'.), needed 
muiiipiic f V +x . This compares with 
to obtain Xo ^n ^''°'^ "O"'^" "n-^-^n^i ' ^ 

n(n+ l)(n + 8) 
6 

„.uUiplications using "symmetr ic" Gaussian eliminaUon on the origmal 

matr ix , and to 





9n^ 

multipUcations to solve the problem by (3.4). It follows that the reduction 
method (3.5) is recommended up to about n = 40, and the algorithm (3.4) 

for n > 40. 

11 

IV. VECTOR TOEPLITZ MATRICES 

We define vector ToepUtz matrices as rectangular matr ices whose 
elements are vectors and whose diagonals consist of like elements, except 
for the vector elements in the last row, which may be obtained by omitting 
the last components of corresponding full vector elements. Thus a vector 
ToepUtz matr ix has the form 

A(v) 

vo 

^i.£ '"z-£ 

^r 

^ r - 1 

V r - 2 

^r+1 

^ r -

" 

-i 

I. 

If we define the elements in (4.1) by 

^kp 

^kp-i 

^kp-2 

^kp-p+i 

^kp 

^kp-i 

^kp-2 

^kp+£p-n 

i/here i, p. and n a re related by 

then A(v) IS a block matr ix representat ion of A, where 

(4.1) 

(4 .2 ) 

( 4 .3 ) 





12 

a. 
p - i 

- p - 2 

^2P 

>2p- l 

A = 

- p - i 

- P -

-zp 

' - z p - i 

z p -

- p - 1 

p - n ='zp-n 

-rp 

^ r p - i 

^ r p - z 

^ ( r - i ) p 

^ ( r - i ) p - i 

^ ( r - i ) p - 2 

^ ( r - z ) p 

^ ( r - z ) p - i 

"•-Ip ^-{£-i)p ^ - ( ^ - z ) p ••• ^ ( r - « ) p 

' r p - n 

(4.4) 

In o r d e r tha t the i n v e r s i o n p r o b l e m b« mean ingfu l , we a s s u m e that 
r a n . We shaU p r e s e n t an a l g o r i t h m that t r a n s f o r m s the s u b m a t r i x 

P 

^p- i 

2P 

' z p -

^ p - n ^zp-

n p 

np- 1 

' n ( p - i ) 

(4.5) 

of A in to an u p p e r t r i a n g u l a r f o r m . I n s t e a d of u s i n g " m i n u s " and " p l u s " 
i t e r a t i o n s a s in Sec t ion II, we i n t r o d u c e an a u x i l i a r y m a t r i x 

B = (4.6) 

b i - i ^z-t ^3-1 ••• ^r^i-l 





The tr iangularizat ion of (4.5) is achieved in n recurs ive steps, t ransform­
ing A = A(°) , B = B(' ' ) successively into A ( ' ) , B ( ' ) , A(2), B(^) , ... A^"-P'. 
B ( " - P ) ; A ( " - P + ' ) , A ( " - P + 2 ) , . . . , AM. In each transformation A ( ' ) ^ A ( I + ' ) , 

the rows 0, ..., i remain unchanged, and the elements to become new zeros 

13 

a(i+i) 
(p-l)i-j 

(j = 1.2 m i n ( p - l , n - i ) ) , a^/^y].) = 0. (4.7a) 

Thus the matr ix A^^' contains i zeros in each row j ? i (j = 0, 1, . . . ,n ) . 
The ma t r ix B(i) contains the element a^ on the diagonal, and b(i) = . 
b(i) = 0 (i a 1) are zero elements. The algorithm for the not identica 
zero elements is as follows. Define k^^), aW, and b ^ by 

n - p < pk'"^' + T S n (k('^^ T positive integers); 

aUy 

aC) = a. 

= a kp 

(-n £ s s rp); 

(- i < k £ r) . 

Then 

(i+i) i ) 
^kp-i-j - ^kp-i- j 

(i) 
^ (p- l ) i - j (i) 

— ( 0 ^kp-1 
^ P - I ) i 

(j = 1,2,. . . , min(p- 1; n-i) ,(i+j) -2, - 1 ; i+1. 

(i+0 Ji) ^ - P - 1 K ( 0 
^k- l )p - i " ^(k-i)p-i " ~ i ^ " k 

(k = -k^P+^', ..., -2 , - 1 ; i+1. i+2. 

JO 

. , r ) : 

> ' ) = K^) •^i+i 

( i + i ) 

Np-i)(i+i) 

(i+i) 
^kp-(i+i)' 

, ( i ^ i ) 

/ ^ f n - p - i - l ] _^ _^. . ^ ^ . ^ 3 ^. i ^ n . p ^ 

These recur rence relations are used for i = 0. 1, 2, 
(4.7d) can be terminated at i = n - p - 1. 

(4.7b) 

. r); 

(4.7c) 

(4.7d) 

, n- 1; however. 
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T h e final m a t r i x A^"' is of u p p e r t r i a n g u l a r fo rm 

. t n ) 

0 

0 

a(°) a '" ' 
^p ^2p 
a ( ' ) a ( ' ) p - i zp-i 

' 'zp-z 

^np 

a ( ' ) , 
np- 1 

^np-z 

,(n) 
n p - n 

- r p 

a( ' ) r p - i 

'it. 

r p - n 

(4.8) 

T o c o m p a r e t he eff ic iency of (4.7) wi th the o r d i n a r y G a u s s i a n e l i m i ­
na t ion p r o c e s s , we d e t e r m i n e the n u m b e r of m u l t i p l i c a t i o n s n e c e s s a r y to 
t r i a n g u l a r i z e (4.5) . F r o m (4.8) t h e r e foUows for r = n that the t r a n s f o r m a ­
t ion A(i-i)==> A(i) i nvo lves only the (p+ 1) n - i + 1 e l e m e n t s a(_'^, aJ^O^j 
a ( 0 .. Of t h e s e , by (4.7b, c), ip e l e m e n t s a r e z e r o and need not be c a l c u -
laft 'd. T h e r e f o r e , e a c h such t r a n s f o r m a t i o n r e q u i r e s (p + 1) n - (p+ l) i + 1 
m u U i p U c a t i o n s if i = 1. 2, . . . . n - p + 1 . In addi t ion , the t r a n s f o r m a t i o n s 

B^i-O to B ( 0 , by (4.7d), involve the " " ^ " - n + 1 = 
n - i + 1 

e lennents b ( i ) i + 1 < k 

b(i) . 

if r = n. Of t h e s e e l e m e n t s , i + 1 a r e 

JO 
- 1 m u l t i -

known, n a m e l y , b j^ ' " * o' i 

T h e r e f o r e e a c h t r a n s f o r m a t i o n (4.7d) r e q u i r e s 

p l i c a t i o n s if i = 1, 2 n - p + 1 . The to ta l n u m b e r of m u l t i p U c a t i o n s to 
ob ta in A ( " - P + 0 and B ( " - P + 0 i s no g r e a t e r than* 

[-^] •" 

( n - p T l ) p 

j ; (p+ 1) n - (p-r 1) i + 1 
i = I L 

% 
- n - i - 1 

(4.9) 

, , , ( p t l ) ' ( n t p 
( n - p + 1) — T - -

. 2 ) T 2 

( " - P + " 2 ^ 

T h e m a t r i x A ( " - P + 0 for r = n h a s t he f o r m 

J'l 
•"p 

J'l 
' ' p - l 

N \ 
0 
1 
1 
1 
1 
0 

a 
1 
1 
1 
1 
a 

n 

(n 
(n 

P+ 
P+ 

-p+ 

•P+ 

) 
)(p-0 

) 
)p-n 

- - ai,°> 

- - a i ' i , 
1 
1 
1 
1 (n-pi - i ) 

n p - n + p - l 

1 

l(n-p.M) 
np-n 

(4.10) 

*H^y-
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Therefore , to bring (4.10) into the triangular form A^"' requires the same 
number of multiplications as a square matr ix of order p, i.e., 

p (p - l ) (2p- 1) (411) 
5 

multiplications. Addition of (4.11) to (4.9) yields the upper limit for the 
total number of multiplications required to transform A into A^"' (r = n), 
namely, 

, , , (p+l ) ' (n + p - 2 ) + 2 ^ p (p- l ) (2p- 1) {4 12a) 
( n - p + 1 ) ^ + 5 

. ' n^p p» ^^ (n^ .pZ) +-P- =-iLP - ^ . (4.12b) 

The same transformation using the Gaussian algorithm requires 

^ ( n + l ) ( 2 n + l ) = 4 (4.13) 

multiplications. The savings factor, the ratio (4.13) to (4.12), is asymp­

to t i ca l ly -^ - . If p 2 n + 1, (4.7) reduces the Gaussian elimination method. 

If p = 1 and r = n, (4.7) is just another representation for the algorithm 

(2.6b). 

To solve 

Ax = 0 (r = n+1) (4.14) 

for X we have to increase the number given by (4.12a) by the following 
numbers of multiplications: 

(0 . (i = 1 n); 
n + i - i 

n - p to calculate b^^^j (i = 1- •••. n-p): 

H iUl - i l to perform the back substitution in A 

These numbers combine to a total of 

| ( n + 5 ) - p (4.15) 

additional multiplications. 

n to calculate a ^ ^ ^ j 

;n) 
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We real ize that we have not included an e r ro r and stability analysis 
for the a lgor i thms. No simple operator representation in matr ix form has 
been found for the description of the algorithms; it would facilitate these 
analyses . We hope, however, the answers to these problems will be solved 
and the new algori thms will prove thennselves useful in practical applications. 

ACKNOWLEDGMENTS 

David L. Phillips and Ibrahim K.Abu-Shumays checked the formulas 
in this paper. Dave Phillips also performed numerical calculations. 

REFERENCES 

1. Norbert Wiener, Extrapolation, Interpolation, and Smoothing of 
Stationary Time Series, Appendix B by Norman Levinson, John Wiley & 
Sons, Inc., New York (1949), pp. 129-139. 

2. William F. Trench, An Algorithm for the Inversion of Finite ToepUtz 
Matr ices , J. Soc. Indust. Appl. Math., U., 515-522 (Sept 1964). 

3 William F . Trench, An Algorithm for the Inversion of Finite Hankel 
Matr ices , J. Soc. Indust. Appl. Math., 1_3, 1102-1107 (Dec 1965). 

4 William F . Trench, Weighting Coefficients for the PredlcUon of 
StaUonary Time Series from the Finite Past , SIAM J. Appl. Math., 15̂ , 
1502-1510 (Nov 1967). 





ARGONNE NATIONAL 


